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A closed subspace F in a Banach space X is called almost Chebyshev if the set
of x E X which fail to have unique best approximation in F is contained in a
first category subset. We prove, among other results, that if X is a separable
Banach space which is either locally uniformly convex or has the Radon-Nikodym
property, then "almost all" closed subspaces are almost Chebyshev.

1. INTRODUCTION

Let K be a nonempty subset of a Banach space X. For each x E X, we say
that y E K is a best approximation to x from Kif

II x - y:1 ,= inf{li x - z ii : z E K}.

The set K is said to have property Ux if best approximation in K with respect
to x is unique. K is called Chebyshev if it has property Ux for each x E X.
When K is a closed subspace, we call it a Chebyshev subspace. It is known
that if X is strictly convex, then any finite-dimensional subspace is Chebyshev.
There exist separable nonstrictly convex spaces which do not have any
finite-dimensional or finite-codimensional Chebyshev subspace (e.g., £1[0, I]
[7, 9]) and there are some without any infinite-dimensional Chebyshev
subspace (e.g., Co [3]). In connection with this, there arises the question of
whether a Banach space contains subspaces that are "close" to Chebyshev
subspaces.

[n [10], Steckin introduced the concept of "almost Chebyshev." A set K is
called almost Chebyshev if the set of x in X such that K fails to have property
Ux is contained in a set of first category. He proved that if X is a uniformly
convex Banach space, then every closed subset in X is almost Chebyshev.
In [3], Garkavi showed that if X is separable, then for any reflexive subspace
F in X, there exists an almost Chebyshev subspace (in fact, many) E in X
which is B-isomorphic to F.
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In this paper, we will study the almost Chebyshev subspaces in certain
classes of Banach spaces: those with the locally uniformly convex norms and
those with the Radon-Nikodym property (RNP) [2, 5, 8}. The latter class
contains all reflexive Banach spaces, dual separable Banach spaces. 01" mOl"e
generally, dual Banach spaces which are weakly compact generated Recently.
Sundaresan [11] (cf. also [12]) showed that if (S..:f.J, j.t) is a finite measure
space and if X is a Banach space with the RNP, then Lp(S, .:f.J. }t. Xl also
has the RNP for I p < w. Our main result is that if X is a separable
Banach space which is locally uniformly convex or has the Radon-- Nikodym
property, then "almost all" closed subspaces are almost Chebyshev (Theorcms
3.5,3.7. Corollary 3.8).

I n Section 2. we introducc some del1nitions and lemmas. We prove the
main theorem in Section 3. Section 4 is for some remarks and open questions.

2. DEFINITIONS A'iD PREU\lINARtES

Throughout we will consider real Banach spaces: we use X'" to denote the
dual of X. Suppose K is a convex subset in X. a point x E K is called an
exposed poillf of K if there exists an f E X* such that f(x) IU') for all
y E K. y x. It is called a strong(v exposedpoint of K it is an exposed point
and satisfies: for {x,,} K. f(xl/)-~f(x). then Xl/--~X in norm. The
corresponding functionals to the strongly exposed points in K are called
stronglyexposingfimetionals. We use KI to denote the set of strongly exposing
functionals of K.

A Banach space X is said to have the Radon-Nikodym propertr (RNPl If
for any given a-algebra .£ on a set Q, any finite positive measure !-( on ./l.

and any X-valued measure 111 on //J of finite total variation absolutely con
tinuous with respect to j.t, there exists an X-valued Bochner measurable
function I Q -~ X such that 111(£) fEfd0 for £ E ,!If (cf, e.g., [2]). One of
the geometric characterizations of such spaces, which is relevant in here.
is that [8]: er;er)' bounded closed COllcex subset is the closed conr;ex hull of
its strongly exposed points. In [5.6], it is observed that

PROPOSITlON 2.1. LeT X be a Banach space with the RNP. Theil for any
bounded closed convex subset K ill X, the set qfstronglv exposingjimctiollals K 1

of K is a dense Go in X*.

A Banach space is called locally uniformly ('oncex if for any x in X with
,: x 1 and E O. there exists 8 0 such that whenever x ,\' <.'

with Ii y 1, X .1',1 2( 1 .~.. 8). It follows easily from the definition
that each boundary point of the closed unit sphere S of a locally uniformly
convex space is a strongly exposed point of S.
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PROPOSITION 2.2. Let X be a locally uniformly convex space, then SA
is a dense Gs in X*.

Proof The above remark shows that every support functional of S is
also a strongly exposing functional. By the theorem of Bishop and Phelps
on support functionals [1], the set S,j is dense in X*. That SA is a dense Gs
follows that for n =, I, 2, ... , the sets

Gn = {IE x* : diam{x E S :f(x) > !if Ii - a} < lin for some a> O}

are open and SA= n:~l en .

DEFNIITION 2.3. A Banach space X is said to have property (P) if for
each closed subspace F in X, the set of strongly exposing functionals of the
closed unit sphere of F is a dense Gs in F*.

Note that the Radon-Nikodym property and locally uniform convexity
are hereditary. Propositions 2.1 and 2.2 show that these two classes of Banach
spaces have property (P).

To conclude this section, we will prove a topological lemma. A Hausdorff
topological space X is called a Baire space if the intersection of any sequence
of open dense subsets in X is again dense in X. It is easy to show that any
complete metric space is a Baire space. Suppose X, Yare two sets and
suppose G is a subset in X X Y. For each y E Y, we use Gy , the y-section of G,
to denote the set {x EX: (x, y) EO e}.

LEMMA 2.4. Let X be a complete separable metric space and let Y be a

Baire space. Suppose G is a dense Gs subset in X X Y,' let

A = {y E Y : Gy is a dense Gs in Xj.

Then A is a dense Gs in Y.

Proof We may assume that G is an open dense subset in X X Y,' the
general case follows by taking countable intersection. Let G = U (Ui X Vi)
where Uiand Vi are open subsets of X, Y, respectively. Let {xn} be a countable
dense set in X and for each m, n, let N(xn , 11m) be the neighborhood of X n

with radius 11m. Let

A mn = U {Vi: Ui n N(xn , 11m) 7'- 0J.

We claim that Amn is dense in Y. For otherwise, we can find an open subset
Win Ysuch that W n Amn = 0. This implies (N(xn , 11m) X W) n G = 0,

contradicting that e is a dense set in X x Y. Note that each Amn is open,
hence A = nm.n Amn is a dense Gs in Y. It remains to show that for each
Y EO A, Gy is a dense Gs in X. Indeed, for any m, 11 there exists Ui >; Vi C G
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such that)' E Vi and x E N(x", 1:IJI) n Vi ( ), i.e., G j is dense in X. We
complete the proof by observing that G" is open in X (for G is assumed open).

3. ALMOST CHEBYSHI.Y SUBSPACIS

Let X be a Banach space, we use 6J to denote the family of closed subspaces
in X. For E, FEe, define

p(E, F) max1 sup inf .\ - \' sup tnf x \' I'. 1 ;~,i!<l J(, ~,1
F Er .I'cr F

T-Ilog max;r ,
F\
T\

.r

It is proved in [4) that (e, p) is a complete metric space. For E, F ,,:: e, we
say that E, Fare B-isomorpl1ic if there exists an isomorphism T from X onto
X with T(E) F [3]. Let e(F) denote the family of closed subspaces in K
which are B-isomorphic to F. In [3], Garkavi introduced another metric p
on e(F):

-(E E" . t' \P. ' . ) = 111 sup
T I "'0

where E. E' E elF) and the infllnum is taken over all B-isomorphisms T from
E onto E. He also proved that (e(F), p) is a complete metric space and that p
is stronger than p on e(F) (in j~ICt. p p): if F is of finite dimension or
finite codimension in ,:\:" then p and p are equivalent.

LEMMA 3.1. Let X be a Banach space, let E. F be hyperplanes in X dC/filed
by the /unctional.\' f. g L x* (;(' ~ I) as E (-1(0), F g-1(0).

Then

(i) there exists an isomorphism T:)( > X with T( E) F and

max{': T TI 4 f ~

20E;

X' 1 , consider r,', F as

(ii) ira < E < ~ and / g E, then ptE. F)

(iii) if X is a subspace 0/ another Banach space
subspaces in Xl ; then assertions (i). (ii) still hold.

Proof. Assertion (a) is proved in [3, Lemma II]: the isomorphism T:
X -'> X with T( E) F can be chosen as

(((x) g(x)jz. Xl' X.

where z satisfies

I(z) = g(z) and 4

and T- I is given by

[--IX X ( g(x) - f(x)):.
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To prove (ii), we first estimate the quantity

323

I, x Tx '1'1'

iiW-liTx!!' X E E.

Without loss of generality, assume II x il = I. Hence

i', ,- Tx II = i'l x _ , x + (f(x) - g(x)) z
Ii' Tx II II I, II x + (f(x) - g(x)) z I:

< I - II x + (I(x) - g(x)) Z II + II(x) -- g(x) I 'Ii z;i
1 -- 4E 1- 4E

<-~+_±-
"" I - 4E I - 4E

< 16E.

By (i), we know that max{11 Til, T-II1.
IJ 1 + 4E. Hence

peE, F) ~ s~p \11-
11

X I' - 1,,\Tr"\, 11 + log maxfil TIl, T-l !i}1 < 20E.
,;,-0 II X I ,x , I \

For (iii), it suffices to extend f - g on Xl without increasing the norm
[3, Lemma lITa].

We use S,.(x) to denote the closed sphere of radius r and center at x. If the
center is O. we simply use Sf instead.

LEMMA 3.2. Let F be a closed subspace in a Banach space X, let Xo E XIF,
and let Xo be the subspace generated by F and Xo ' Suppose there exists a
functional fE Xo* such that f-l(O) = F and f exposes a point of the closed
unit sphere of Xo ; then F has property Ua,for each x E Xo .

Proof Suppose 'I fli = I andfexposes the closed unit sphere of Xo at Yo .
For each x E Xo\F, we may assume that f(x) = r > 0 (otherwise, consider
-f). We have

This implies F has property Ux , i.e., x - ryo is the unique point in F satisfies

II x -- (x - rYo)/f ~~ inf{!! x - Y Ii : y E F}.

PROPOSITION 3.3. Let X be a Banach space with property (P) and let F be
a closed hyperplane in X. Then the set of Chebyshev subspaces in 8(F) is a
dense Ga in (8(F), p).

Proof Note that the metric pand p are equivalent in 8(F). The conclusion
follows from the definition of property (P), Lemma 3.] (b) and Lemma 3.2.
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Suppose K l , K2 are bounded subsets in X, F is a closed subspace in X.
and suppose x c X\F; we let

diam K1 sup{ .\ r x. r t_: K1 :·

d(K1 K2 ) innr K1 K2 S. K2 K 8'1 ,.1-

and for each a O. we define

C(a. x, F) (F (I a)x) II S

It is clear that lim" iI diam C(a, x, F) 0 if and only if x i, a ~,trc'l1gly

exposed point of 5,. II Xii where Xii is the subspace generated by F and x:

the corresponding strongly exposing functionals are the f in Xii" II ith
/-1(0) F. In such a casc, by Lcmma 3.1. F has property U

LEMMA 3.4. LeI X he a Banach space and leI F be a closed suh.lj7acc ill X.

For each II, let

Un • {(x, E) (~ X elF) : diam C(a, x. E) lin for some a 0:.

Then Un is all opell subsel /11 X elF) where e( F) has Ihe metric lopologr
defined hy (5,

Proof Let (x. E) E U" . Without loss of generality, we assume x I.
Let

.x (\'11) - diam C(a, x. E).

For (x', E') E X elF) with

We have
x x' ',/]6, peE. E') "i16,

Also

C(a, x'. E') L ((E· (1

((E (1

a) .1) 5'.,;8) II S(I'",/16)

0) x) II S(I ., I») - 5;',18'

Hence

d((E (1

diam C(a, .\', E') diam(E

diam C(a, x, E)

1,
II 4

1/

i,e., (x', E') cU" . This implies Un is open.

2 4
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THEOREM 3.5. Let X be a separable Banach space with property (P). Let
F be a closed subspace in X, then the set ofalmost Chebyshev subspaces in e(F)
contains a dense G8 in (e(F), p).

Proof We first show that for each x E X, there exists a dense subset in
e(p) such that each member of the subset has property Ux ' Indeed, for
any E E e(F) and for any 1 > 10 > 0, consider the subspaces Xl generated by
E and x (assume that x¢: E, otherwise the result is trivial). Let f E Xl * such
that ~~ 1 and 1-1(0) = E. Note that Xl also has property (P); there
exists g E Xl *, a strongly exposing functional of the closed unit sphere of Xl
with If g = 1 and IIf - g [I < (20)-1 10 • Let E'= g-I(O), then peE, E') < E

(Lemma 3.1) and E' has property Ux (Lemma 3.2).
For each x, let !»x denote the set of those members E' of e(p) which

correspond to strongly exposing functionals of the unit balls of the subspaces
generated by E and x, E E e(p) (as above). Then gx is dense in e(F). For
each n, let

Un = {(x, E) E X X e(p) : diam C(a, x, E) < l/n for some a > OJ.

By the remark preceding Lemma 3.4, we see that the x section of n:~l Un
equals gx' Hence Lemma 3.4 and the above imply that n:d Un is a dense G8 ;

for each (x, E) En:=l Un , E has property U," .
Note that X is a separable Banach space and e(F) is a complete metric

space, Lemma 2.4 implies that there exists a dense G8 subset!» in e(F) with
the property that for each E E !», there exists a dense G8 subset DE in X such
that for x E DE, (x, E) E n:~l Un' This means that each member in g is
almost Chebyshev and we complete the proof.

By using the same proof as Lemma 3.4, we have

LEMMA 3.6. Let X be a Banach space and let e be the family of closed
subspaces in X. For each n, let

Vn = {(x, F) E X X e :diam C(a, x, F) < lin for some a> O}

Then Vn is an open subset in X X e.

THEOREM 3.7. Let X be a separable Banach space with property (P).
Then the family ofalmost Chebyshev subspaces contains a dense G8 in (e, p).

Proof For each x E X, E E e, and E > 0, we can find a closed subspace
E' which is B-isomophic to E, with property Ux and pee, E') < E (the first
part of the proof of the last theorem). Note that peE, E') ~ peE, E'). This
implies that the set of closed subspaces with property Ux is dense in e. Now
consider the dense G8 set n:~l Vn where Vn == {(x, E) EX X e : diam
C(a, x, E) < 1(n for some a > OJ. By exactly the same argument as last
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theorem, we conclude that the set of almost Chebyshev subspaces of X
contains a dense Gb in (e. p).

COROLLARY 3.8. Let.\: be 0 separoh/e Banach .Ij)(lce salisf.\'ing eiTher

(a) X hos the RNP. or

(b) X has a loca/ly un(lormiy ('oflrex norm.

Then

(i) for any closed subspace F, The fomi/y oja/mosl Chehysher subspace,l
which are B-isomorphic To F contains a dense GD in (e(F), p).

(ii) The fami/.l' oj' a/most Cheb.l'sher subspaces in X COI/Iains a dense (J,

in (e, pl.

4. SOME REMARKS

Theorems 3.5 and 3.7 partially generalized the rcsuits t'l Garkavi 1:1

considering the reflexive subspaces of separable Banach spaces and the
weak* closed subspaces of separable conjugate Banach ,paces. One ,,>1' his
examples (co) says that there exists a separable Banach space which docs
not have any nonrel1exive almost Chebyshev subspace. Hence some restric
tions on the subspaces or the Banach space are essential. The only place lye
use the separability is to prove Lemma 2.4. The lemma is not true without
that condition. We are interested to know whether Theorems 3.5. 3.7 Iyiil
still hold for Banach spaces with property (P) in general. In p;:rticular.
are the theorems true for any reflexive Banach spaces '!

It is proved by Steckin [IO] that in a uniformly convex Banach space. every
closed subset is almost Chebyshev. (Note that the problem is trivial for closed
convex sets in such spaces). Also. there are examples that there is a separable
reflexive strictly convex space, and that the above result does not hold [13].
Jt is natural to ask: For what kind of spaces is it true that every closed subset
is almost Chebyshev? Will it be true in a lecally uniformly convex reflexive
Banach space? Since Banach spaces with the RNP are characterized by the
property that every bounded closed convex set is the closed convex hull of
its strongly exposed points, it is also interesting to consider the best approxim
ations for bounded closed sets in such spaces. Indeed, in [13]. Edelstein prove
that if K is a closed convex set in a Banach space with the RNP, then the set
which admits best approximation in J( is a weakly dense subset in X.
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